In this paper we study the nonlinear stability of steady flows of inviscid homogeneous fluids in sea straits of arbitrary cross sections. We use the method of Arnol'd [1] to obtain two general stability theorems for steady basic flows with respect to finite amplitude disturbances. For the special case of plane parallel shear flows we find a finite amplitude extension of the linear stability result of Deng et al [2] . We also present some examples of basic flows which are stable to finite amplitude disturbances.
Introduction
The study of linear stability of shear flows in sea straits with variable cross sections was initiated by Pratt et al [3] . It was found in Pratt et al [3] that the resultant stability problem is an extended version of the well known Taylor-Goldstein problem of Hydrodynamic Stability. In Deng et al [2] a systematic derivation of the stability equation, namely, the extended Taylor-Goldstein equation was derived and many general analytical results were obtained for this problem. It was found that these results do not depend on the topography and hence the role of topography on the stability of stratified shear flows in sea straits is not revealed by any of these results. However two examples of basic flows were shown to be linearly unstable by numerical computations in Pratt et al [3] . In one example the topography was found to decrease the growth rate though the basic flow remains unstable.
In Deng et al [2] the special case of homogeneous shear flows was also considered in their stability analysis. The stability problem in this case turns out to be an extended version of the well known Rayleigh problem of Hydrodynamic Stability. For this problem Deng et al [2] found that a necessary condition for instability is that 
then an extension of the above result is that a necessary condition for instability is that
< 0 at least once in the flow domain. It may be noted here that the above results are extensions of the Rayleigh's theorem and the Fjortoft's theorem, respectively, of the Rayleigh problem of hydrodynamic stability [cf: Drazin and Reid [4] ]. Though the above results depend on the topography it is difficult to see any tendency towards stability or instability due to topographic variations. To see this point Deng et al [2] considered the special case of [5] and Subbiah and Ganesh [6] . In particular if T = 0 T is a positive constant a short wave stability result has been obtained in Subbiah and Ganesh [6] . Also the role of the Reynolds stress on this problem has been discussed in Subbiah and Ramakrishnareddy [7] .
All the above mentioned results on the stability of stratified or homogeneous shear flows are restricted to infinitesimal normal mode disturbances only and the mathematical analysis is linear. However to understand the stability of shear flows in sea straits with respect to finite amplitude disturbances it is necessary to develop a nonlinear stability analysis. In the present paper we consider the nonlinear stability of inviscid homogeneous shear flows in sea straits of arbitrary cross sections by using the method of Arnol'd [1] developed in the context of flows without topography. The nonlinear stability of viscous fluids is studied by the method of Serrin (see, for example, Joseph [8] ).But this method, also known as the energy method of hydrodynamic stability does not apply to inviscid fluids. Consequently, a variational method was developed by Arnol'd [9] for the nonlinear stability analysis of inviscid incompressible fluids. As this method was not giving rigorous stability theorems a new method of nonlinear stability analysis was developed in Arnol'd [1] .This method, also known as the second method of Arnol'd, has been used extensively in the nonlinear stability analysis of many geophysical fluid flows (see, for example, Arnold and Khesin [10] , Marchioro and Pulvirenti [11] and Holm et al [12] ).
Now we shall present the results of this paper. In Section 2 we formulate the problem by deriving the nonlinear partial differential equation governing the motion of an inviscid incompressible homogeneous fluid in a channel with variable bottom and the associated boundary conditions. In Section 3 we obtain a conserved quantity of this problem which is later used in the proof of the nonlinear stability results. The two nonlinear stability theorems proved in the present paper are the following: If 
and the domain is sufficiently small, in a sense specified later. An interesting corollary of the first theorem is the following: For the special case of plane parallel flows
flow domain, then that flow is nonlinearly stable. In the absence of topography this result was obtained by McIntyre and Shepherd [13] .In terms of the basic velocity 0 ( ) U z and topography ( ) T z this means that the basic plane parallel flow is nonlinearly stable if
Thus it is clear that the sufficient conditions for linear stability with respect to infinitesimal normal mode disturbances obtained by Deng et al [2] are also sufficient conditions for nonlinear stability with respect to finite amplitude disturbances. We have also presented some examples of basic flows which are stable by the above general results. In particular an exchange flow with velocity 
Formulation of the Problem
In Deng et al [2] the problem of linear stability of shear flows of inviscid incompressible homogeneous as well as stratified fluids in sea straits of arbitrary cross section has been formulated. In the present paper we consider only the special case of a homogeneous fluid but consider the nonlinear stability of such flows. If ( , , ) u v w is the velocity,  is the density which is a constant for a homogeneous fluid and p is the pressure of the fluid then the motion is governed 
where
It is seen from (2) (4) becomes
is the width function of the channel.
Furthermore, a stream function ( , , ) x z t  can be introduced by the equations
Moreover in the case of homogeneous fluid whose stability is considered in this paper, Deng et al [2] have shown that
where 
D q Dt
, is the scalar vorticity of the flow divided by the width function of the channel. From the equations (1),(3),and (4) one can show that
which is a statement of the conservation of kinetic energy of the flow in the channel. In terms of the stream function this can be stated as
Equation (8) 
Stability Results
In this section we shall state and prove the nonlinear stability theorems for the problem under consideration. For that we need some conservation results. The first conservation result is the following
This is the statement of the conservation of kinetic energy given in (10) and its proof is routine. The second conservation result is the following. The two conserved quantities given above can be combined to get a single conserved quantity.
Lemma 2
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Lemma 3
For any flows the quantity
It is clear that for the steady basic flow ( ( , ), ( , )) x z Q x z  the quantity ( ) H  is conserved. Also it is clear that for the disturbed
is also a conserved quantity. Therefore it easily follows that the quantity
is conserved for perturbations satisfying the condition of zero circulation around the boundary ∂Ω. This means the following.
Lemma 4 ( ( , , )) ( ( , , 0))
Now we shall present the first nonlinear stability theorem.
Theorem 1 (First Stability Theorem)
If the basic flow with stream function  and vorticity divided by the width function Q satisfies 0 '( ) c Q C       , for real constants c and C then it is stable in the norm  given by
By hypothesis of the theorem we have
.We can extended ( )   to the whole real line subject to the above inequalities. We consider the extended
Integrating (13) w.r.to 1 h over (0, ) h and multiplying by ( ) b z we get
Consequently adding 
The proof of the theorem is completed.
Example 1
Consider the basic flow with velocity
follows that this basic flow is stable by the first stability theorem for any D > 0. Now we shall derive two corollaries of this theorem for parallel flows.
Corollary 1
If the basic flow is such that
have the following bounds.
is true. Therefore, for any  in the range c C    , we have
Hence the result is proved.
Corollary 2
If the basic flow is a parallel flow with 
 
This can be proved on the lines of the proof of the similar result in Subbiah and Padmini [14] and so the details of the proof are not given here.
Example 2
Consider the basic flow with velocity 0 ( ) Now we shall state and prove our second nonlinear stability theorem. For that we need the following inequality which is known as the Poincare inequality.
Lemma 5
If ( , , )
x z t  is a function vanishing on the boundary of the domain [2] . Some examples of basic flows that are nonlinearly stable are also given.
It may be noted here that the linear stability of shear flows in sea straits has been developed when the fluid is homogeneous or stratified (cf. Deng et al [2] , Subbiah and Ganesh [15] ) but the nonlinear stability analysis developed in the present paper is restricted to homogeneous fluids only. A nonlinear stability analysis of stratified shear flows in sea straits by the use of the method of Arnol'd [1] may be taken up in the future.
